Introduction
Large stochastic fluctuation is fundamental in gene expression because the number of regulatory proteins is very small in cell. Though many attempts have been made to estimate the variance of the number of synthesized proteins, sufficient information on the temporal fluctuation in individual cells can not be obtained from those analyses based on the single time statistical quantities. We develop a theory to describe the temporal change of individual cells by use of the path-integral method and the numerical stochastic simulation. We calculate the two-time correlation function and the response function of the number of proteins. Using an analogy with the fluctuation-dissipation relation, we define the effective temperature and propose that it can be a measure of fluctuation. 
Method
The model, one gene negative feedback loop, used in this study is shown in Fig. 1 . The synthesized protein interacts with DNA and regulates the expression of itself as a repressor. At the ON state (α =1), when the repressor is unbound to DNA, the protein synthesis rate is large (g 1 ), and at the OFF state (α = 0), when the repressor is bound to DNA, the protein synthesis rate is small (g 0 ). k is the protein degradation rate. We assume that the protein binds in a dimerized form to DNA, so that hn(n−1) is the repressor-DNA binding rate, where n is the number of proteins. f is the unbinding rate.
We assume that the reaction process is Markovian, so that the dynamics is described by a master equation:
0 ' ' , n a n W α is the transition probability from the state (α', n') to (α, n). Next, we convert the master equation into the equivalent form of quantum mechanics [1] , which is more convenient to develop the path integral formulation. In this formalism the classical path corresponds to the deterministic reaction equation and the semi-classical fluctuation around the classical path is taken into account. Then, the two-time correlation function, C(t), and the response function of the number of proteins, R(t), are calculated. Using the analogy with the fluctuation-dissipation relation, we define the effective temperature T* by
We also solve the master equation numerically with the Monte Carlo (MC) method using the Gillespie algorithm [2] and calculate T* from the numerical data to compare it with the result of the path-integral method. ω , suggesting that the higher order fluctuations than in the semi-classical approximation have to be taken into account. We propose that T* expresses the amplitude of fluctuation in the model: When the DNA binding state α is fixed, protein synthesis and degradation are simple birth-death processes and the number distribution of proteins becomes Poissonian. In this Poissonian situation we found T* =1. When α depends on the number of proteins and the nonlinear feedback effect is evident, then the number distribution largely deviates from Poissonian and T* ≠ 1. Thus, T* defined in the present method has a similar dependence on ad X and 0 ω to the Fano Factor (the ratio of variance to mean) and measures the strength of fluctuation.
